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Abstract. Let G be a complex semisimple Lie group and r a com- 
plex antilinear involution that commutes with a Cartan involution. 
If H denotes the connected subgroup of r-fixed points in G, and K 
is maximally compact, each TJ-orbit in G/K can be equipped with a 
Poisson structure as described by Evens and Lu. We consider sym- 
plectic leaves of certain such ff-orbits with a natural Hamiltonian 
torus action. A symplectic convexity theorem then leads to van den 
Ban's convexity result for (complex) semisimple symmetric spaces. 

2000 Mathematics Subject Classification: 53D17, 53D20, 22E46 
Keywords and Phrases: Lie group, real form, Poisson manifold, sym- 
plectic leaf, moment map, convex cone 

1. Introduction 

In 1982, Atiyah ^] discovered a surprising connection between results in Lie 
theory and symplectic geometry. He proved a general symplectic convexity the- 
orem of which Kostant's linear convexity theorem (for complex semisimple Lie 
groups) is a corollary. In this context, the orbits relevant for Kostant's theo- 
rem carry the natural symplectic structure of coadjoint orbits. The symplectic 
convexity theorem, which was found independently by Guillemin and Stern- 
berg 0], states that the image under the moment map of a compact connected 
symplectic manifold with Hamiltonian torus action is a convex polytope. Sub- 
sequently, Duistermaat extended the symplectic convexity theorem in a way 
that it could be used to prove Kostant's linear theorem for real semisimple Lie 
groups as well. 

Lu and Ratiu |10j found a way to put Kostant's nonlinear theorem into a sym- 
plectic framework. For a complex semisimple Lie group G with Iwasawa de- 
composition G = NAK, they regard the relevant if-orbit as symplectic leaves 
of the Poisson Lie group AN, carrying the Lu-Wcinstein Poisson structure. 
Kostant's nonlinear theorem for both complex and certain real groups then 
follows from the AGS-theorem or Duistermaat's theorem. 
In this paper, we want to give a symplectic interpretation of van den Ban's 
convexity theorem for a complex semisimple symmetric space (q,t), which is 
a generalization of Kostant's nonlinear theorem for complex groups. For the 
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precise statement of van den Ban's result we refer to Section [21 The main 
difference in view of our symplectic approach is that van den Ban's theorem is 
concerned with orbits of a certain subgroup H C G that are in general neither 
symplectic nor compact. Since G is complex we can use a method due to 
Evens and Lu [3] to equip -ff-orbits in G/K with a certain Poisson structure. 
An if -orbit foliates into symplectic leaves, and on each leaf some torus acts in 
a Hamiltonian way. The corresponding moment map $ turns out to be proper, 
and therefore the symplectic convexity theorem of Hilgert-Neeb-Plank [S] can 
be applied, which describes the image under <E> in terms of local moment cones. 
An analysis of those local moment cones shows that the image of $ is the sum 
of a compact convex polytope and a convex polyhedral cone, just as in van den 
Ban's theorem. 

The case of van den Ban's theorem for a real semisimple symmetric space is 
dealt with in a separate paper It follows the symplectic approach of Lu 
and Ratiu towards Kostant's nonlinear convexity theorem. The main tool is a 
generalized version of Duistermaat's theorem for non-compact manifolds. 
Acknowledgments. We are grateful to the referee for the careful reading of the 
manuscript and many useful comments and suggestions. 



2. Van den Ban's theorem 

The purpose of this section is to fix notation and to recall the statement of van 
den Ban's theorem. 

Let G be a real connected semisimple Lie group with finite center, equipped 
with an involution r, i.e. r is a smooth group homomorphism such that r 2 = id. 
Let g be the Lie algebra of G. We write H for an open subgroup of G T , the 
T-fixed points in G. Let K be a r-stable maximal compact subgroup of G. 
The corresponding Cartan involution 9 on q commutes with r and induces 
the Cartan decomposition g = t + p. If f) and q denote the (+1)- and (— 1)- 
eigenspace of q with respect to r one obtains 

8 = («nlj) + (j>nij) + («nq) + (i>nq). 

We fix a maximal abelian subalgebra a~ T of p n q. (In ^3] this subalgebra is 
denoted by a pq .) In addition, we choose a T C p n fj such that a := a T + a~ T 
is maximal abelian in p. Let A(g,a~ T ) and A(g, a) denote the sets of roots 
for the root space decomposition of g with respect to a~ T and a, respectively. 
Next, we choose a system of positive roots A + (g, a) and define 

A+( ,cr T ) = {a\ a - T :aeA+(g,o), Q | - T ^0}. 

This leads to an Iwasawa decomposition 



g = n + a + ! = n 1 +n 2 + a + t, 
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where 

" = E * Q . 

a£A+(j,o) 

E 0"= E if. 

aeA+( B ,a),a| a _ T #0 /3eA + ( , O -^) 

E s Q - 

aeA+( ,a),a| o _ T =O 

Here fl a = {X e : = a(i2")X Vff £ a} for a e A(g, a), and similarly 

q 13 is defined for (3 e A(g, a~ T ). 

Let N and A denote the analytic subgroups of G with Lie algebras n and a, 
respectively. The Iwasawa decomposition G = NAK on the group level has 
the middle projection \i : G — > A. We write pr a ~T : a — ► a~ T for the projection 
along a T . 

For e A+(fl, cT T ) dehnc H f3 e a~ T such that 

Hp J_ kcr/3, /3(^) = 1, 

where _!_ means orthogonality with respect to the Killing form n. 
Note that the involution 8 or leaves each root space 

= E s Q 

aeA( ,o),a| o _ T =/3 

stable. Each q 13 = (g /3 )+ © (fl' 3 )- decomposes into (+1)- and (— l)-eigenspace 

with respect to 9 o r. 

For 

A_ :={/3GA( ,a- T ):(/)_^O}, 
let At = A_ n A+(g, a~ T ). Define the closed cone 

r(A±) = Y, R + H 0- 

Write Wkdh for the Weyl group 

Wkhh = N KnH (a- T )/Z KnH (a- T ). 

The convex hull of a Weyl group orbit through X e a~ T will be denoted by 
conv(W K nff-^)- 

Remark 2.1. Consider the Lie algebra q 0t of Or- fixed points in q. It is re- 
ductive and its semisimple part g' = [fl 6 ' r ,0 6 ' r ] admits a Cartan decomposition 
Q 1 = I' + p' with t' C t, p' C p. Due to our choice, a~ T is a maximal abelian 
subalgebra of p' . The set of roots A(g',a~ T ) consists exactly of of those re- 
duced roots (3 G A(g, a~ T ) for which (g /3 )+ ^ 0. Moreover, the Weyl group W 
associated to q' coincides with Wkc\H- 

We can now state the central theorem. 
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theorem 2.2. (Van den Ban (Tl|) 

Let G be a real connected semisimple Lie group with finite center, equipped with 
an involution t, and H a connected open subgroup of G T . For X G a~ r , write 
a = cxpX G A~ T . Then 

(pr a -r ologo^Xifa) - conv(nW-V) - r(A±). 

Remark 2.3. 

• The statement of the theorem above differs from the original in |14) 
by a minus sign in front of the conal part r(A^). This is due to 
the fact that we consider the set Ha and an Iwasawa decomposition 
G = NAK, whereas in 14 the set aH C G = KAN is considered. 
Indeed, if we denote the two middle projections by [i : NAK — ► A and 
fi' : KAN -> A, then T(A±) = logofi'(H) = -logo^ff). 

• Van den Ban proved his theorem under the weaker condition that H 
is an essentially connected open subgroup of G T (by reducing it to the 
connected case). 

• If t — 9 one obtains Kostant's (nonlinear) convexity theorem. Note 
that in this case the group H and the orbit Ha are compact. 

3. POISSON STRUCTURE 

Let G be a connected and simply connected semisimple complex Lie group with 
Lie algebra g. The Cartan involutions on both group and Lie algebra level will 
be denoted by 9. In addition, let r be a complex antilinear involution (on G 
and g) which commutes with 9. 

The Lie algebra g decomposes into (+1)- and (— l)-eigenspaces with respect to 
both involutions 9 and r. 

9 = t + p = \) + q, 

where 6 and \) denote the (+l)-eigenspaces with respect to 9 and r, respectively, 
and p and q denote the (— l)-eigenspaces. 

The maximal compact subgroup K of G with Lie algebra t is r-stable. Let H 
denote the connected subgroup of G consisting of r- fixed points. We will be 
interested in certain i?-orbits in the symmetric space G/K. Each such orbit 
can be equipped with a Poisson structure as introduced by Evens and Lu. We 
briefly describe their method which can be found in Section 2.2]. For details 
on Poisson Lie groups see e.g. [TT] . 

Let (U, ttu) be a connected Poisson Lie group with tangent Lie bialgebra (u, u*) 
and double Lie algebra d = umu*. The pairing 

(vi + Xi,v 2 + A 2 ) := Ai(ua) + A 2 (ui) V v\, v 2 G u, Ai, A 2 G u*, 

defines a non-degenerate symmetric bilinear form and turns (0,u, u*) into a 
Manin triple. We will identify 0* with via (, ). 
Consider the following bivector R G A 2 5: 

R(vi + Xi,V2 + A 2 ) = A 2 («i) - \i(v 2 ) V Vi,V2 G u, Ai, A 2 G u*. 
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In terms of a basis {v\, . . . , v n } for u and a dual basis {Ai, . . . , A n } for u* the 
bivector is represented by R = ^* A Uj. 

Assume that D is a connected Lie group with Lie algebra 0, and assume that 
U is a connected subgroup of D with Lie algebra u. Then D acts on the 
Grassmannian Gr(n, J)) of n-dimensional subspaces of d via the adjoint action 
of D on and therefore defines a Lie algebra antihomomorphism 

r? : o -> #(Gr(n,i>)), 

into the vector fields on Gr(n, 5). Using the symbol 77 also for its multilinear 
extension we can define a bivector field II on Gr(n, 0) by 

n = lr?(i?). 

Note that II in general does not define a Poisson structure on the entire Gr(n, 0). 
However, it does so on the subvariety £(0) of Lagrangian subspaces (with re- 
spect to (, ) ) on 0, and on each D-orbit DX C £(9). 

The bivector i? also gives rise to a Poisson structure 7r_ on D that makes 
(D, 7r_) a Poisson Lie group: 

(1) n-(d) = ^(r d R-l d R) WeD. 

Here and Z<j denote the differentials of right and left translations by d. Note 
that the restriction of 7r_ to the subgroup U C D coincides with the original 
Poisson structure nu on U, i.e. (U,nu) is a Poisson subgroup of (D, — 7r_). 
For [ s £(0) the D-orbit through I is not only a Poisson manifold with respect 
to n but a homogeneous Poisson space under the action of (Z),7r_). Moreover, 
the ?7-orbit U.l is a homogeneous (£/, 7T[/)-space, since the Poisson tensor n at 
I turns out to be tangent to U.l In fact, the tangent space at I £ D.l can be 
identified with 0/n(t), where n(Q is the normalizer subalgebra of [. In the case 
when n([) = I, we identify the cotangent space with [ itself, and for X, Y £ i 
one obtains: 

(2) Il(l)(X,Y) = (pr u X,Y), i.e. U(^(X)=pr u X, 
where pr u : d — > u denotes the projection along u*. 

Let U* be the connected subgroup of D with Lie algebra u* . What has been 
said about the Poisson Lie group U is also true for its dual group U*, i.e. 
(U*,TTif ) is a Poisson Lie subgroup of (D, 7r_) and the orbit U* X is a homoge- 
neous ({/*, 7T[/«)-space. It follows in particular that ([/.[) n (U* X) contains the 
symplectic leaf through I 

We now want to apply this construction to our complex scmisimple Lie algebra 
g. In the above notation we will have = g, and the pairing (, ) will be 
given by the imaginary part, 3k, of the Killing form k on g. Note that t £ 
£(£)). Throughout the paper, we will identify the G-orbit through t with the 
symmetric space G/K. In particular, orbits in GX are identified with those in 
G/K. Then we set u = f), and it remains to define u*. 
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First we choose an appropriate Iwasawa decomposition of g. Recall the r- 
stable Cartan decomposition g = 6 + p. We fix a maximal abelian subalgebra 
a~ r in p n q. Then we can find an abelian subalgebra a T in p n f) such that 
a = a~ T + a T is maximal abelian in p. We choose a positive root system, 
A + (fl,a) by the lexicographic ordering with respect to an ordering of a basis 
of a, which was constructed from a basis of a" T followed by a basis of a T . This 
yields an Iwasawa decomposition g = n + a + t which is compatible with the 
involution r in the following sense. 

Lemma 3.1. For our choice of Iwasawa decomposition g = n + a + t, we have 

Jjnn= {0}. 

Besides, the centralizer of a~ T in g is a Cartan subalgebra of g. 
Proof. Consider the root space decomposition of g with respect to a, 

g = (a + ia)+ J2 

It is well-known 7, Proposition 6.70] that there are no real roots for a maximally 
compact Cartan subalgebra (ia~ T + a T ) of f), and therefore there are no a € 
A(g, a) such that a\ a -r = 0. By |SJ Chapter VI, Lemma 3.3], this implies that 
T (S a ) C Qe A+( fl , a ) S~ Q f° r au a e a ); an d tne claim fjnn = {0} follows 

immediately. 

Since each a £ A(g, a) does not vanish outside a hyperplane of a~ T , it follows 
that a~ T contains regular elements and its centralizer in g is a Cartan subal- 
gebra of g. 

□ 

Consider the Cartan subalgebra c = }(a~ T ) of g. Lemma l3~Tl together with the 
properties of k implies that g = f) © (c _T © n) is a Lagrangian splitting with 
respect to the bilinear form 3k. In other words, (g, f), (c~ r + n)) is a Manin 
triple. 

We can now define the desired Poisson manifolds using the method of Evens 
and Lu outlined above. We set 

f = 0, u = f), u* = c~ r + n, (, ) = 3k. 

Let C, C~ T , A and N denote the analytic subgroups of G with Lie algebras 
c, c~ T , a and n, respectively. The group H now has the structure of a Poisson 
Lie group. Its dual group is H* = C~ T N. Fix a e A~ T and consider the base 
point a.K £ G/K. The if-orbit P a = Ha.K G G/if is a Poisson homogeneous 
manifold with respect to the action by (H,tth). Also, the dual group orbit 
H*a.K is Poisson homogeneous with respect to ~kh'- For the symplectic leaf 
in P a through a, denoted by M a , we have M a C Ha.K n H*a.K. 

Lemma 3.2. The Poisson manifold P a is regular and equals the union of A T - 
translates of M a , i.e. each p G P a can be written p = a'm with unique a' G 
A T ,m G M a . Moreover, M a = Ha.K n H*a.K. 
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Proof. Consider the map M : A T x M a —> P a . 

First we will show that M is injective. The Poisson tensor tth = 7r_ as defined 
in vanishes at each element c G C r , since Ai(c) leaves both fj and (j* = 
c~ T + n stable. Therefore a' G A T acts on P a by Poisson diffeomorphisms 
and maps the symplectic leaf M a onto the symplectic leaf M a > a . But M aia ^ 
M a2 a f° r «i ^ «2 6 following from the fact that M aia lies in H*a\a.K = 
C~ T Na\a.K and the uniqueness of the Iwasawa decomposition. 
At each point p £ P a one can explicitly calculate the codimension of the sym- 
plectic leaf through p in P a , for instance by means of an infinitesimal version of 
Corollary 7.3 in (UJ and Theorem 2.21 in |3J. It follows that the codimension of 
the leaf through the point p = ha.K in the orbit P a equals the dimension of the 
intersection of Ad(a)£ and which is easily seen to be independent 

from the point p G P a and equal to the dimension of a T . Here we used the fact 
that the dimension of Ad(ha)tC\\)* cannot exceed the dimension of a T , since the 
Killing form is negative definite on Ad{ha)t and a maximal negative definite 
subspace of I)* is ia T . This shows that P a is a regular Poisson manifold, and 
that A T M a is a full dimensional subset of P a . Since A T acts freely on P a and 
P a is a regular Poisson manifold, it can be represented as the union of such 
open subsets. The connectedness of P a then implies that P a = A T M a . 
Since A T is connected and the union of ^-translates of Ha.K n H*a.K equals 
Ha.K and thus is also connected, it is easy to see that Ha.K n H*a.K is 
connected as well. Besides, from the transversality we see that 

dim(Ha.K n H*a.K) = dim(Ha.K) + dim(H*a.K) - dim(G/K). 

Note that the first part of the proof implies that A T a.K n H*a.K = {a.K}. 
Therefore, the codimension of Ha.K n H*a.K in Ha.K is at least dim(a T ). 
But since M a has codimension equal to dim(a r ), and M a C Ha.K n H*a.K 1 
the last inclusion is actually an equality. 

□ 

Consider the torus T = exp(za~ r ) C H . It acts on M a in a symplectic manner, 
since tth vanishes at each t € T. Moreover, the next lemma shows that this 
action is Hamiltonian with an associated moment map that is closely related 
to the middle projection // : G — NAK — ► A of the Iwasawa decomposition. 

Lemma 3.3. The action of T — exp(ia~ T ) on M a is Hamiltonian with a 
moment map $ = pr a - T ologo/i. Here, pr a -r : a — > a~ T denotes the projection 
along a T , and t* is identified with a~ T via 3k. 
Moreover, the moment map $ is proper. 

Proof. (1) $ = pr a -r o logo/i is a moment map. 

Let b : G — NAK — ► B = NA be the i3-projection in the Iwasawa 
decomposition. We write pr a :g = n + a + t^a for the middle 
projection on the Lie algebra level. Let Z G t = ia~ T , h G H and 
X G f). We denote by <&z the function obtained by evaluating $ at Z, 
by Xha the tangent vector of the vector field generated by X at the 
point ha.K G M a (for brevity we will write h.K simply as h henceforth, 
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without fear of confusion) and by Z? ( E > b(/ la ) the derivative of $ at the 
point b(ha). We have: 



d 



d 



d<5> z (ha).X ha = — <P z {exp(sX)ha) = (— $(exp(sX)/ia), Z) 



s=o ds 



s=0 



$(b(ha) exp(sAaW/ia) -1 )X)), Z) 

s=0 



ds 
= (- 

= (0$ 6( , M) 4rf(Kk)^)I,Z> 

= (j>r a -r opr a Ad{b{ha)- l )X,Z) = (Ad(b(ha)- l )X,Z) 
= {X,Ad(b(ha))Z) 

The second last step follows from the fact that t and i + a T + n are 
orthogonal with respect to (, ). 

Note that Ad(b(ha))Z £ Z + n. With © this implies 

H{haf{d^ z {ha)) = p r[) Ad{b{ha))Z = Z. 

(2) $ is proper. 

This follows from Lemma 3.3 in |14| . which states the properness of 
the map 

F a ■ (H n L )\H — » a~ T , F (z) = $M- 

In our case Lq = exp(ia)A T (since 3 fl (a~ r ) = c by the argument in the 
proof of Lemma f3. 1(1 . 

Properness of the map F a : TA T \H — > a~ r implies properness of the 
induced maps F a : A T \H -> cT T and F a : A T \H/(H n aXa" 1 ) -> cT T . 
Since A T \H/(H Haifa -1 ) = M a by Lemma I5~21 and since F a becomes 
$ under this identification, the claim follows. 

□ 

Remark 3.4. In case t — 9 the Lu-Evens Poisson structure on P a = Ka.K 
coincides with the Lu-Weinstein symplectic structure, and Lemma \S.S\ becomes 
Theorem ^.13 in |1U| . 

4. Symplectic convexity 

Throughout this section we assume G to be complex and the involution r to 
be complex antilinear. In this case we will interpret van den Ban's theorem 
in the symplectic framework developed in Section |2| More precisely, it can be 
viewed as a corollary of a symplectic convexity theorem for Hamiltonian torus 
actions. 

Van den Ban's theorem describes the image of the group orbit Ha under the 
map pr a -r o log o/i. Recall from Section |3 the symplectic manifold M a C 
Ha.K C G/K on which the torus T = exp(io _T ) acts in a Hamiltonian fashion 
(Lemma 13.311 . The associated moment map is $ = pr a -T o log o/i. From Lemma 
13.21 and from the A T -invariance of pr a ~ T o log o/i it follows that 

(pr a -, o log o/i) (Ha) = *(Af„). 
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This means that van den Ban's theorem can be viewed as a description of the 
image of a symplectic manifold under an appropriate moment map. 
The description of the image of the moment map is the content of a series of 
symplectic convexity theorems. Probably best known are the original theorems 
of Atiyah and Guillemin- Sternberg QJE]. The result needed here is a gener- 
alization of the AGS-theorems to a non-compact setting. Several versions can 
be found in the literature, e.g. EU- We will state the theorem as given 
in Recall that a subset C of a finite dimensional vector space V is called 
locally polyhedral iff for each x £ C there is a neighborhood U x C V such that 
CC\U X = (x + T x ) nU x for some cone IV A cone T is called proper if it contains 
no lines, otherwise T is called improper. 

theorem 4.1. 6 , Theorem 4.1 (i)] Consider a Hamiltonian torus action of T 
on the connected symplectic manifold M . Suppose the associated moment map 
$ : M — > t* is proper, i.e. <j> is a closed mapping and ^~ 1 (Z) is compact for 
every Z £ t*. Then is a closed, locally polyhedral, convex set. 

Remark 4.2. Theorem J^.l in |H] contains more detailed information, in par- 
ticular a description of the cones that span <I>(M) locally (part (v)). More 
precisely, for each m £ M there is a neighborhood U$r m ) Q t* °f such 
that &(M) n£7$( m ) = (<f>(m) +T$( m )) nf/$(m), where r$( m ) = t^ + C m . Here, 
t m denotes the Lie algebra of the stabilizer T m of m, and C m C t* n denotes 
the cone which is spanned by the weights of the linearized action of T m . The 
(nontrivial) fact that the cone T<&r m ) = Sn + C m is actually independent of the 
choice of a preimage point o/ < &(m) is also shown in [SJ. 

Coming back to the symplectic manifold M a , Lemma 13.31 shows that the mo- 
ment map $ = pr a -T o logo^ on M a is proper. Theorem 14. II can therefore be 
applied and yields 

$(M a ) is a closed, locally polyhedral, convex set. 

We will now give a more detailed description of $(M Q ). It turns out that the 
T-action on M a has (finitely many) fixed points. At each fixed point we can 
calculate the cones that locally span $(M Q ). From this description it will follow 
that the entire set <&(M a ) lies in a proper cone and can therefore be described 
entirely by the local data at the fixed points. 
We begin by determining the T-fixed points. 

Proposition 4.3. The T-fixed points in M a are exactly those elements of the 
form w{a).K G G/K with w £ W KnH = N KnH (a- T )/Z KnH (a- T ). 

Proof. Recall that for a € A~ T we view the symplectic manifold M a as a sub- 
manifold of the i7-orbit in G/K through the base point a.K £ G/K. Clearly, 
each element w(a).K £ G/K with w £ Wkhh is T-fixed. To see that w(a).K 
lies in M a , note that w(a).K £ H*a.K since w(a) £ A~ T . On the other hand, 
there exists k £ KC\H such that w(a) — fcafc -1 , which implies w(a).K £ Ha.K. 
Therefore, w{a).K £ Ha.K n H*a.K = M a by Lemma EH1 
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Conversely, assume that cpa.K £ M a with c £ K T ,p £ exp(p r ) is T-fixed. 
Since M a lies in the orbit of the dual group 77* = NC~ T there are elements 
n £ AT, £ A~ T , k E K such that cpa = n&fc. Since no. if £ G/K is a T-fixed 
point, 

tnr x b £ noif V < £ T. 

The Lie subalgebra n is T-invariant, so by the uniqueness of the Iwasawa de- 
composition tnt^ 1 — n for all t £ T. But since a| n - T ^ for all a £ A(g, a) 
this can happen only for n — e. This implies cpa = bk. 
Symmetrizing the last equation yields 

(3) cpaO(cpa)^ 1 = cpa 2 pc~ 1 = b 2 . 
Applying 8 o r to J3} gives 

(4) cp-Vp-V 1 = b 2 . 

We multiply © by 10} from the right and from the left and obtain 

4 -1 -1 ui -i 4 -1 

cpa p c = b = cp a pc 

But then pa^p^ 1 = p^cfip, i.e. p 2 and a 4 commute (and are self-adjoint). 
Therefore, p and a 2 also commute, and we can combine equations © and 0} 
to 

2 2-1 ;2 -2 2 -1 

cp a c = b = cp a c 

This shows p 2 — p~ 2 or p — e. But then 0} implies cac^ 1 = b. Since both a 
and b lie in A~ T and since c £ if T = K P\H, there is some element w £ Wifni? 
such that w(a) = b (Recall from Remark l2.1l that Wkhh is the Weyl group of 
the reductive Lie algebra q 0t — (t (~l f)) + (p fl q) of #r-fixed points of g). 
The T-fixed point cpa.K £ M a can therefore be written as cpa.K = b.K — 
w(a).K for some w £ Wkdh- □ 

Recall our choice of base point a = exp(AT) and the identification t* = a~ T . We 
now describe the image of the moment map $(M a ) £ a~ T in the neighborhood 
of a fixed point image &(w(a).K) — w(X). From Theorem 14.11 fand Remark 
14. 2[) we know that locally <I>(M a ) looks like w(X)+r w ( X ) f° r some cone T W ( X ) £ 
a~ T . The next Lemma describes T W ( X ) in terms of the vectors Hp for (reduced) 
roots (3 £ A(g, a~ T ) defined in Section[21 

Lemma 4.4. Let a = cxpX with X £ a~ r and w £ Wkhh- The local cone 
r$(m( a ).if) = ^w(X) 5= <* _r * s th> e cone spanned by the union of the following 
two sets. 

{-(3{w{X))Hp : P £ A+( fll a- T ), (/)+ + 0} 
and {-Hp:f3e A+( ,a- T ),(/)_ ^0} 

Proof. We are adapting the argument from |SJ page 155] to our setting. To 
determine the local cone T w (x) it is enough to consider the linearized action of T 
on the tangent space V w ( a \,K := T w ( a ^KM a - Darboux's theorem guarantees the 
existence of a T-equivariant symplectomorphism of a neighborhood of w(a).K £ 
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M a onto a neighborhood of G V w ( a yx- This leads to a local normal form for 
the moment map. 

*z(Y) = \tt w{a) . K {ZY, Y) V Y G V w(a) . K , Z G t. 

Here, ^^(a).^ denotes the symplectic form on the symplectic vector space 
V w ( a ).K- Since T acts symplectically on V w t a ).K the notation Z.Y makes sense 
as the linear action of an element Z G Sp(V^( a ).x) on a vector Y G K„( ).x- 
In appropriate symplectic coordinates qi,pi, ■ ■ ■ ,q n ,Pn we have ^l w u).K = 
X)i rfft A ^Pi an d the matrix representation for the linear map defined by Z G t 
is 



Z.(q 1 ,p 1 , . . .,q„,p n ) 



( ttl (Z) 
-a(Z) 



V 



Pi 



a„(Z) 
-a„(Z) / 



The moment map takes the form 

" 1 

$(<7i, Pi, . . . , g„,p„) = $0(a)./T) + ^aj-fe 2 + p 2 ). 



In terms of the symplectic coordinates on Y m ^ a ).K chosen above, the matrix 
representations for the symplectic form £l w ( a ).K and the corresponding Poisson 
tensor H w r a \.K just differ by a factor of (—1). The moment map can then be 
expressed in terms of the Poisson tensor. 

$z(p) = -n w{a) . K (z.tp, ip) v <p g v^ (a) K , z e t 

(Recall the bijection n» : V* {a) K - ^ (o) .x. Then Z.<^ = (n")" 1 ^.^^))), 

where the dot on the right hand side has been explained above.) 

The local cone T W ( X ) is just $(V*, a -> K ), i.e. it consists exactly of the weights 



(5) 



{ Z h-> -Il w{a) . K (Z.ip, ip) : <p€V*, a y K } 



Recall that we identify the cotangent space T*,*. K (G/K) with Ad(w(a)).t. 
The formula for the Poisson tensor at w(a).K says that for Y\, Y 2 6 6, 

n w{a) . K (Ad(w(a))Y u Ad(w(a))Y 2 ) = {p ri) Ad(w(a))Y u Ad{w{a))Y 2 ) . 

Note that T* {a) K (G/K) = T* (a) K M a © (T w(a) . K M a )^ . Both T* (a) K M a and 
(T w ( a ) j<- M a ) are stable under the action of T. Moreover, T w ^ _fcM a — 
^L(a) K^w(a) k(G/K)) by the definition of the symplectic leaf M a . Hence, 
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for ip G T*,^ K M a ,ip G (T aw M aw ) x and Zet, one obtains 

= IL u] ( a y K (Z<p + Zlp,<p) 
= -{Zv + Zi>)Ili {a)K {v) 

= n-w(a).K(Z<P,(p) 

In view of © and J2J (from Section 131 it follows that the local cone is given 

by 

(6) T w{x) = { Z ^ -(pr h [Z,Ad(w(a))Y],Ad(w(a))Y) : Y G t }. 

In order to determine the weights in 10 we will construct a basis {vx, . . . , v r } 
for t with two main features. 

(1) For each Vi we determine explicitly an element Hi 6 a~ r such that 

($r^[Z,Ad{w{a))vi],Ad{w{a))vi) = ^k{H u Z) V Z e t. 

(2) (prtj [Z, Ad(w(a))vi], Ad(w(a))vj) — for all Z G t whenever i ^ j. 
Once such a basis is found each Yet can be written as a linear combination 
Y = J2i=i c i y i- Then, for Z e t, 

N N 

(prt, [Z, Ad(w(a))Y], Ad{w(a))Y) = {pr^ [Z, Ad(w(a)) ^ °i v ih Ad(w(a)) V] CjUj) 

N 

= ^2 c^iprt, [Z, Ad(io(a))ui], Ad^a))^) 

4=1 

AT 

- J2^(Hi,Z) 

i=l 

In view of © it then follows that T W ( X ) is the cone spanned by the vectors Hi. 
Recall the weight space decomposition of g with respect to a~ T . 

2 = cT T © a T © icT T © ia T © ^ q p 

Each 9^ is stable under the involution 6t, hence decomposes into (+1)- and 
(— l)-eigenspaces = (g^)+ ffi (g' 3 )-- We first consider certain bases for q@ = 
(/)+ and g* 3 = (g^)_. Each g' 3 is stable under the adjoint action of a T . For 
the corresponding weight space decomposition we write 

Note that qP' v is equal to the eigenspace 5° Cn for a G A(g, a) if and only if 
a \a- r — an< i a \a T = V- Also, if g' 3 ''' = g", then (3 G A + (g, a~ T ) if and only if 
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a G A + (g, a). The involutions r and 9 transform the eigenspaces as follows 

For each eigenspace g^' n fix a vector Xp. v that spans g 13 ' 71 as a complex vector 
space. If rj ^ we define 

Ap <r , — Xp, v + 9t Xp >v , Bp, v — Xp, v — 9t Xp tV . 

We obtain the following (complex) basis for the reduced root space g@ 

{Xp fi } U {Ap iV : 77 ^ 0} U {Bp jV : V ^ 0} 

The important feature of this basis is that it consists of eigenvectors of the 
complex linear involution Or. Indeed, QrAp^ = Ap^OrBp^ = —Bp tV and 
Xpfi might be a (+1)- or a (— l)-eigenvector of 9t. Therefore, a basis for (g^)+ 
is given by the Ap^s and possibly Xp g. A basis for (g^)- is given by the 
Bp tTj 's and possibly Xp$ (iff it is not contained in g@ = (g@) + ). 
The desired (real) basis for t now consists of a basis for }t(a) — 3 t (a~ T ) = 
ioT T + ia T and the following set. 

|J ({Xp, + eXp, } U {iXp, + 9iXp, } 
peA+( s ,a-r) 

U {Ap, v + 9Ap. v : 77 ^ 0} U {iAp. v + 9iAp. v : rj ^ 0} 
U {Bp. v + 9B P: „ : V ? 0} U {iBp^ + 9iBp„ : V ? 0} ) 

We can now calculate the weights appearing in © for each basis element. We 
fix Z = iH G t = io_ r . Recall that a = expX, therefore w(a) = exp(w(X)). 
First we make two short auxiliary calculations. For a vector Cp G £r which is 
also a #T-fixed point, 

[Z, Ad(w(a)).(Cp + 9Cp)} = i/3(H)w(afCp - if3(H)w(a)- fl 9Cp 

= f3(H)w(a)- p (iCp + 9iCp) + f3(H)(w(af - w(a)- p )iCp 

In the second line, the first summand lies in t) the second in c~ T + n. For 
Dp G g 13 such that 9rDp = —Dp, the f) © (c~ r + n) decomposition is different: 

[Z, Ad(w(a)).(Dp + 9Dp)] = i/3(H)w(af Dp - if3{H)w(a)- 9Dp 

= f3{H)w(a)- p {-iDp + OiDp) + f3(H)(w{af + w(a)~ !3 )iDp 

Now, for Ap >r] , which lies in g@ and satisfies 9rAp. ri — Ap. v , we compute 

(8) (pr„ [Z, Ad(w{a)).(Ap >n + 9Ap !r ,)],Ad(w(a)).(Ap >n + 9Ap^)) 

= {f3{H)w{a)-P{iAp, v + 9iAp, v ),w(afAp tTI + w{a)- f3 9Ap^) 
= f3{H)w(ar 2t3 {iAp^,9Ap, v ) + l3(H){9iAp, rn Ap, v ) 
= {w(a)- 2p - 1) &K{Ap^eAp, n ) (3{H) 
= (w{a)- 213 - 1) ^K(Ap, v ,eAp tV ) n{Hp,H) 
= (w(a)- 2p - 1) VtK(Af, in ,eAf, iV ) %K(Hp,Z) 
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We can replace Ap -r) with iAp^ in the above calculation and obtain 
(pn, [Z, Ad(w(a)).{iAp tV + 9iAp <n )], Ad(w(a)).(iAp, n + 9iA PiV )) 

= (w{a)~ 2f> - 1) $lK(iAp, v ,9iAi3, v ) 0(H) 
= (w(a)- 213 - 1) ^K{Ap^9Ap, v ) %k(H ,Z) 

Carrying out the calculation for Bp^ (which are (— 1) -eigenvectors of 9t) wc 
obtain a result of a different nature 

(9) {p rt) [Z, Ad{w{a)).(Bp :V + 9Bp, r ,)],Ad(w(a)).(Bp, ri + 0Bp„)) 

= -{w{a)- 20 + 1) Rk^,,, 6Bp <n ) %K(Hp, Z), 

and 

(prt, [Z, Ad(w(a)).(iBp !V + 9iBp tV )], Ad(w(a)).(iBp jV + 9iBp tV )) 

= -{w{a)- 2 P + 1) Rk(B a „ BB p „) %K(Hp, Z). 

If Xpfl is fixed by 9t, then 

(10) (prt, [Z, Ad(w(a)).(Xp, + 9Xp fl )],Ad(w(a)).(Xp fl + 6Xp, )) 

= (w(a)- 213 - 1) $tK(Xp, ,eXp fi ) %K{Hp,Z), 

and 

(pr h [Z, Ad(w(a)).{iXp fi + diXp fi )],Ad(w(a)).(iXp fi + 6iXp fi )) 

= (w(a)- 2(} - 1) XK(Xf, >o ,0Xp tO ) %K{Hp,Z). 
The case that 6rXp t o = —Xp t o leads to 

(11) { prf) [Z, Ad{w(a)).{Xp t0 + 9Xp fi )],Ad(w{a)).(Xp fi + 6Xp fl )) 

= -(w(a)- 213 + 1) R K (Xp, ,eXp fi ) % K (Hp,Z), 

and 

(pr b [Z, Ad{w(a)).{iXp fi + diXp fi )],Ad(w(a)).{iXp fi + 6iXp fi )) 

= -(w(a)- 213 ) + 1) R K (Xp j0 ,9Xp t0 ) % K {Hp,Z). 

Moreover, for Y € 36(a) one easily checks that 

(prt,[Z,Ad(w(a)).Y],Ad(w(a)).Y) = 0. 

Note that the coefficient of ^K(Hp, Z) in ijjjj and (|ll|l is always positive. There- 
fore, basis vectors of t which are (— l)-eigenvectors of 9t contribute the set 
{-Hp : e A+( flj o- T ), (/)- + 0} to r w{xy 

On the other hand, the coefficient of *<SK(Hp, Z) in (JSJ and (fTTTfl depends on the 
value of 0(w(X)). If P(w(X)) = this coefficient is zero. If 0(w(X)) > the 
coefficient is positive, and if 0(w(X)) < it is negative. Therefore, basis vectors 
of t which are (+l)-eigenvectors of 9t contribute the set {—0(w(X))Hp : S 
A+( ,a-),(/)+ ^0} to T w(x) . 
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The fact that (pr^ [Z, Ad(w(a))vi], Ad(w(a))vj) = holds for all Z 6 t whenever 
i j follows from general properties of the Killing form. 

The conclusion is that the cone T W ( X ) — $(V*/ a \ x) IS generated by the weights 

{-[3(w(X))H f3 : e A+( , «r T ), (/)+ + 0} 
U{-^:^A+(j,O,(/)^0}, 

as asserted. 

□ 

Corollary 4.5. The image of the moment map <&(M a ) is contained in the 
set w'(X) + T +! where w' G Wkhh is such that f3(w'(X)) > for all (5 G 
A + (g,a~ T ) and T + is the proper cone T + = cone(— : (3 6 A + (g,a~ r )). 

Proof. From Theorem 14.11 and Remark 14.21 we know that there is a neighbor- 
hood U w , [x) C cT r of w'(X) such that $(M ) n U w , (x) = (w'(X) + T w , (x) ) n 
U w t(x)- Lemma 14.41 implies that T w ii x \ C r + . Suppose there exists some 
Z € $(M tt ) such that 2 g u/(X) + T + . Since 3>(M ) is convex the line seg- 
ment w'(X)Z lies entirely in $(M a ). Fix some Y G w'(X)Z n U w ,i X ) with 
y ^ Then y G *(M„) n ^/(x) C u/(X) + r ro , (x) C w'{X) + r+. But 

this implies Z G «/(X)+r + since T + is a cone and Y ^ a contradiction. 

Therefore, Q(M a ) C The cone T + is proper since it is spanned by 

vectors — Hp associated to positive roots (3. □ 

The special property of $(M a ) stated in the corollary allows us to describe 
<fr(M a ) entirely in terms of the local cones T W ( X ) associated to the fixed points, 
as the following proposition shows. 

Proposition 4.6. Let C be a closed, convex, locally polyhedral set (in some 
finite dimensional vector space V). Denote by T c the local cone at c G C ( i.e. 
there is a neighborhood U c C V of c such that C C\U C = (c + T c ) n U c ). Suppose 
Cci + T for some x G V and some proper cone T C V. Then 

c= fi (c + r c ), 

r c proper 

i.e. C is completely determined by the local cones that are proper. 

Proof. For any c G C we write d c for the dimension of the maximal subspace 
contained in T c . (In particular, d c — means that T c is proper.) First we will 
show that if d c > 0, then c G c! + r c < for some d with d C ' < d c . 
If d c > 0, then T c contains a line, say L. Since C lies in a proper cone, (c+L)nC 
is semi-bounded. We pick an endpoint d of (c+L)C\C. Since C is closed d G C, 
and clearly c G d + r c / . Convexity of C implies that if a line U is contained in 
r c / then L' C Tg for each inner point c of (c + L) n C. In particular, d C ' < d c . 
On the other hand, r c » does not contain the line L C r c . Therefore, d c ' < <i c . 
Now, the assumptions on C imply 

c = f)( c + r c ) 

cec 
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If we set n — dim(V) the above arguments lead to 

c=f)(c + r c )= p| ( c + r c ) = ...= f| ( c + r c ) 

d c <n d c <n — l d c —0 

□ 

We are now ready to give the desired description of <&(M a ) which is the content 
of van den Ban's theorem. 

theorem 4.7. The set <J>(M a ) = (pr a -T ologo/^)(Ha) is the sum of a compact 
convex set and a closed (proper) cone T. More precisely, for a — expX , 

with 

T = conel-i^ : /3 G A+( , a""), (/)_ ^ 0} 

Proof. The image $(M a ) is closed, convex and locally polyhedral. Moreover, 
by Corollary 14.51 it is contained in w'(X) + T + for some proper cone T + . 
Proposition 14.61 implies that <£>(M a ) is determined by the local cones that are 
proper. According to Remark 14.21 a local cone r$( m ) can be proper only if 
t m = t, i.e. if m is a T-fixcd point. The T-fixed points have been characterized 
in Proposition ^. 31 so Proposition 14.61 yields 

$(M„)= p| (w(X)+T w{x) ), 
with T w (x) as in Lemma 14.41 

The sum conv(W 'kdh -X) + T is closed, convex and locally polyhedral as well. 
As a sum of a compact set and the proper cone T it is contained in x+T for some 
x G a~ T , hence Proposition 14.61 is applicable. First we want to see at which 
points in coxw(Wkc\H -X) + T the local cone is proper. Let c G cotw(Wkc\H -X) 
and 7 G r. Clearly, the local cone at c + 7 is improper unless 7 = 0. But then 
c+7 = c is contained in a convex set with extremal points {w(X) : w G Wkhh}- 
The local cone can be proper only if c + 7 is one of those extremal points. 
Proposition 14. 61 now gives 

conv(MW-*) + T = p| (w(X) + r' w(x) ). 

Here, F' w tx) denotes the local cone of c(mv(WKnH-X) + T at w(X). To finish 
the proof it is sufficient to show that ^' W / X ) = ^w(x)- 

Clearly, T' w(x) = T^ (x) + V, where V = cone{-H : /3 G A+( , <r T ), (/)- + 
0} as before and ^'^(x) ~ cone{w'(X) — w(X) : w' G Wkhh}- From Lemma 
14.41 we know that r„,(x) contains the cone T. Moreover, the set $(M a ) is 
convex and contains all points w(X), and therefore contains conv(W/fn-ff .X). 
This implies that its local cone at w(X), i.e. T W ^ X ), contains r'^^ as well. 
Therefore, T w{x) 2 K (x) + T = T' w(x) . 



Symplectic approach to van den Ban's theorem 



17 



Each root (3 € A(g, a T ) defines the isomorphism 

In view of Remark l2. li the Weyl group W' = Wkhh consists exactly of those sp 
for which (fl /3 )+ ^ 0. In particular, sp(w(X)) £ W K nH for all f3 S A+(g, a~ T ) 
for which (/)+ ^ 0. The identity sp[w(X)) - w(X) = -2 p Wffl Hp implies 
conef-^^CX))^ : f3 e A+(g, cT T ), (f)^)+ ^ 0} C r£. With Lemma IPI we 

obtain r.^ cr (x)+ r = r {xy □ 
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